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Abstract: Linear orthogonal sequences, special M-Sequences, are used widely in the systems communication channels as in
the forward links for mixing the information on connection and as in the backward links of these channels to sift this
information which transmitted and the receivers get the information in a correct form. In current research trying to study the
construction of the linear equivalent of a multiplication sequence and answering on the question "why the length of the linear
equivalent of a multiplication sequence (on a linear M-sequence{a,}), in some cases doesn't reach the maximum length Ny,
special, when the multiplication is on three or more degrees of the basic sequence {a,} The multiplication sequence has high
complexity and the same period of the basic sequence, or if the multiplication sequence on two different basic sequences then
the period of multiplication sequence is equal to multiplication the two periods of the basic sequences, and in the two cases the
multiplication sequence is not an orthogonal sequence.
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Complexity

1. Introduction

The main obstacle to encoding and decoding is the
complexity of decoding and decoding. For this reason, efforts
have been made to design cryptographic and decoding
methods in an easy way. The works of Hocquenghem in
1959, Reed Solomon 1960, Chaudhuri and Bose in 1960,
BCH codes or Bose—Chaudhuri-Hocquenghem codes and
others as Goppa, and Peterson 1961 were a new starting point
for solving this issue. [1-5]

In all stages of the encoding and the decoding, the
orthogonal sequences play the main role in these processes,
including the sequences with maximum period M-Sequences,
Walsh sequences, Reed-Solomon sequences, and other
sequences. [6-12]

Sloane, N. J. A., discuses that the multiplication sequence
{z,} on h degrees of {a,} which has the r complexity the
complexity of {z,} can’t be exceeded

N, (J[JU 8

Orthogonal Sequences are used widely in the systems

communication channels as in the forward links for mixing
the information on connection and as in the backward links
of these channels to sift this information which transmitted
and the receivers get the information in a correct form.

Especially in the pilot channels, the Sync channels, and the
Traffic channel. [10-12]

Shannon's classic articles, 1948-1949, were followed by
many research papers on the question of finding successful
ways to encode and successful decoding the media to allow it
to be transmitted correctly through jammed channels. [6-8,
[13-14].

2. Research Method and Materials

M- Linear Recurring Sequences
Let k£ be a positive integer and A ,Aj,A,...,A,_, are
elements in the field F,={0, 1} then the sequence a,,q,... is

called the nonhomogeneous binary linear recurring sequence
of order k (or with the complexity k) iff:
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an+k = /‘k_lan_',k_l +/1k_2an+k_2 +...+A0an +/1; /1 &/11 DFz N i= 0, 1,...,k _1

k-l
or vk = Z/]ianﬂ' +A
i=1

The elements q,q,,...,a;_; are called the initial values (or
the vector (ay,q,...,a;_;) is called the initial vector). If
A =0 then the sequence q,,q,... is called a homogeneous

binary linear recurring sequence (H. L. R. S.), except the zero
initial vector, and the polynomial

F) = +A T+ Ax+ A, 2)

Is called the characteristic polynomial. In this study, we
are limited to A, =1.
Definition 1. The ultimately sequence a;,q,,.... in F, with

the smallest natural number r is called periodic with the
period 7 iff:

Apey =a, . n=0,1,.. [2-6]
Definition 2. The linear register of a linear sequence is a
linear feedback shift register with only addition circuits and
the number in its output in the impulse # equal to the general
term of the sequence {a,} and the register denoted as
LFSR.[3]
Definition 3. The complement of the binary vector

X =(x,%y,...,x,), x; OF, ={0,1} is the vector

X = (x1,%5,...,%,) , where:

— (1 i x,=0
x; = ) . [2, 6-7]
0 if x =1

Definition 4.

Y =(p>Vi--»Vy_1) are two binary vectors of length n on F,.

Suppose  x =(xy,X,...,X,;) and

The coefficient of correlations function of x and y, denoted
by R, ,, is:

n-1
R, =) (=" (3)
i=0

Where x; + y; is computed mod 2. It is equal to the number
of agreements components minus the number of
disagreements corresponding to components or if
x;, ¥; 041, =1} (usually, replacing in binary vectors x and y
each “1” by “-1”” and each “0” by “1”’) then [2-9].

n-1

R, =Y xy (4)
i=0

Definition 5.

Y =(>Vi>---»Vy1) are binary vectors of length n on F,, or

RX,y

Suppose  x =(Xy,X,...,X,;) and

components belong to {1, -1}, is said orthogonal if <l1.

(M

[8-9]
Definition 6. Suppose G is a set of binary vectors of length
n:

G ={X;X = (%9, Xy X,y ), x; OF,i =0,1,..,n =1}

Let’s 1'=-1 and 0°=1, The set G is said to be orthogonal if
the following two conditions are satisfied:
n—1
2
i=0

1.0x O0G, <1, or [R,o|<1. (5)

2.0X,Y OG(X 2Y), <lor|R |<1. (6

n-l1

0.0
in Yi
i=0

That is, the absolute value of "the number of agreements
minus the number of disagreements" is less than or equals
one. [6, 9]

Definition 7. (Euler function ). ¢n)is the number of the
all-natural numbers that are relatively prime with n.[11-14]

Definition 8. The linear equivalent of a multiplication
sequence {z,}, on a binary linear sequence {a,} which
generated with the linear register LFSR1 and the
sequence{z,} is a multiplication on some terms of {a,} (that
is a result of multiplication circuits over the LFSR1), is a
linear shift register LFSR2 generates the same sequence {z,}.
[2,3,8]

Definition 9. The length of the linear equivalent of a
multiplication sequence is the number of its complexity and
equal to the degree of the characteristic polynomial which
generates the same multiplication sequence, and the
multiplication sequence can be generated through the linear
equivalent.[8]

Definition 10. The maximum length of a linear equivalent
is the maximum length of the linear equivalent LFSR2 (it is
the number of its complexity) which can be reached and the
length of linear equivalent is always less than or equal the
maximum length , N, .[2, 3, 8]

XY

Definition 11. Inverse problem: Finding the sequence {a,}
which {z,} is a multiplication sequence on it and it is one of
the issues at present and it requires a solution. [§]

Theorem12.

i If ay,a,.. is a homogeneous linear recurring
sequence of order k in F, , satisfies (1) then this
sequence is periodic.

ii. If this sequence is a homogeneous linear recurring
sequence, periodic with the period r, and its
characteristic polynomial f(x) then r| ord f(x).

If the polynomial f(x) is primitive then the period of the

recurring sequence which has flx) as a characteristic
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polynomial is 2F -1, this sequence is called M—Sequence
over F,, or briefly M-Sequences.[6, 11-14].

Lemma 13. (Fermat’s theorem). If F is a finite field and
has ¢ elements then each element a of F satisfies the
equation:

x! =x.[6,10]

Theorem 14. If g(x)is a characteristic prime polynomial of
the (H. L. R. S.) ay,q,.... of degree k, and a is a root of
g(x) in any splitting field of F, then the general term of this
sequence is:

Theorem 15.
i (¢" =D|(g" =1) = m|n )

ii. If Fis a field of order ¢ = 2" then any subfield of it is

of the order 2" and m| n, and by inverse if m| n then in the

field thhere is a subfield of order 2™ . [6, 10-14]

Theorem 16. The number of irreducible polynomials in
F, (x) of degree m and order e is@e)/m, if e>2, when m

is the order of ¢ by mod e, and equal to 2 if m=e=1, and equal
to zero elsewhere. [6, 10-14]
* The study here is limited to the Galois Fields of the form

sz , then the period » = 2F-1.

3. Results and Discussion

3.1. Studying Multiplication Sequences on the Binary
Recurring M-Sequences

Suppose the binary recurring M-Sequence {a,} with the
complexity » and a;, 0,..., a, are its different linear
independent roots of the characteristic equation of the
sequence then the general term of the sequence is given
through the relation;

,
a,=Aal + 4,05 +.+ 40! =) Aa]
i=1

If the sequence in F), its characteristic equation is prime,
and o is a root of it (a is prime element in F,") then the
general term of the sequence {a,}is;

a,= 40"+ 4@ + 4 4,@7 ) =D 4@ (®)
i=1

3.1.1. The Sequence {z,} Is a Multiplication on Two
Degrees of the Sequence {a,}

Suppose the multiplication sequence {z,} as multiplication
on two different degrees of {a,} as following;
(1) The first degree is a, (in another case we can make a
shift to the first term).
(2) The second degree is b, = a,,5 as a shift of the first

term a, by d
-
— — n+o n+d n+d _ n+d
b,=a,.s=40a] " +4a, " +.+4.0aq " = ZAiai
i=1
Or;

b

n

,

— — o n o n o n — J . n

=, = Aalal + ala) +. + Aalal = A0l
=1

Zﬂ = aﬂ bﬂ

2= Y aar [ S aare |-
n z i z Al
i=1 =
(2 Afafaf”]+ Zr: A:A; (af +af)a{’a;‘
i=1

i,j=1
J#i

=a,0,45

Thus we have the following properties;
P1. Each term of the first sum is not equal to zero and the

r
number of these terms is equal to [1 ] =r.

P2. Also, a term of the second sum is equal to zero if and
only if;

P
J J nn _ J J J_ .0 -
ZAZ.Aj(a;. +aj)a'l. aj; =0=aq; +aj =0=aq; =a;=>a =aq,

i=j

J#i
And it is a contradiction, then no term in the second sum is
() _r(r-1
equal to zero and the number of these terms is (ZJ = —( 3 )

and the complexity of the sequence {z,}is;

(rj+(rj:r+ r(r=1
1 2 2

P3. Sum one term of the first sum with one term of the
second sum is equal to zero if and only if there is different i,

J» k satisfies the two conditions;
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Lojay = 4,4; (a'id +a,;5)alpa,;

And it is equivalents the two conditions;
2 _ 2 _
1) ay" =ajaj or a; =a,a;
2
4 s
ay
44)

If the sequence {a,} is linear recurring sequence with
prime characteristic polynomial of degree » and a is a zero
of the characteristic polynomial then the roots of the
27*1

2) A2af = 44, +a’)or af +af =

characteristic equation are a,az,...,a and the general

term of the sequence is of the form;
a,= AG" + 4@ +..+ 4@ ) =D 4@y
i=l

Thus, for the first condition each of the i, j, k can’t be one,
and if there is be such other values will be as;

k=1 i-1 Jj-1 13 il 45/l
0,2.2 :a,2 0,2 2 :0,2 2

=>a

Or if i is the smallest;

i1

k i-1 =i k J=i
g% =gt o2 :(a,(1+2 ))

Or;

2k
i—1 J=i
a’ =a"?¥) = qa

k=it :a,(1+2/*") —y k=it 4 pii

But 2¢7!is even number, (1+2/7)is odd number (or

25 and 277 are relatively primes) and it is contradiction
then the sum of one term from the first sum with one term

from the second sum can’t be equal to zero and the linear
equivalent reached the maximum length

(r}_(rj:r_'_r(r—l).
1 2 2

The sequence {z,} is periodic with the same period of the
sequence {a,}.

Example 1. Suppose the binary recurring sequence {a,}
with the complexity 4 as a result of the linear feedback shift
register which showing in figure 1;

Figure 1. Linear feedback shift register with 4 complexity over F,

Where;

Ay+4 +an+1 +an =0or peg =y +an

Its characteristic polynomial f(x)=x"+x+1is prime and
its characteristic equation is x*+x+1=0, the roots of this
equation are; Q, 0'2, at=a+ 1, at=a*+1

All these roots are lie in the field F24 where;

Fy={0,0.0’,a’,a* =a+La’ =a’ +a,a* =a’ +a’, &’ =’ +a+1,a’ =a’ +1,0° =’ +a,0" =a’ +a +],

d'=d+ad’+a,d” =a’+a* +a+1,0° =a’ +a* +1,0" =a’ +1,0"” =1} 9)

The general term of the sequence is;
a, = A4Q" + 4,a™ + 40" + 4,0%"
Or;
a, = 40" + 40" + 4 (a+1)" + 4,(a” +1)"
The sequence is periodic with the period 2*-1=15 and;
n=1= Aa+4,a*+ 40" +4,0° =0
n=2= Aa*+A,a* + 4,0° + 4,0 =0

n=3= A4a’ +4,a° + 40" + 4,0** =0

A+A,+4,+4, =1
Aa+A,a* + A (a+1)+ A, (@ +1)=0
Aa* + Ay (a+1)+ 4 (@* +)+ 4,0 =0
AQ + Ay (@ +a* )+ A (@ +at +a+ D)+ 4@ +a) =0
Solving this system of equation we have;
4=a" 4,=a" 4=0" 4,=d

Thus, the general term of the sequence is;

a, =a14'an +al3'a2n +a,11'a,4n +a7'a8n

And {a, } is a M-Sequence with period 2*-1=15, and one
period with its cyclic permutations form an orthogonal set;
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10001001101011110001001101011 a+1=(a14.an+l+al3.a2n+2+a11.a4n+4+a7'a8n+8)
| "

Suppose the sequence {z, }is a multiplication sequence on = (a" +a? +a* + ag")
two degrees (a,, and a,.,) of the sequence {a,} as is showing
in figure 1 then; Or;

z, = an .an+1

z, :(a,14.an+a13.a2n+all.a4n+a,7'a,8n)'(al4'an+l+a13.a2n+2+all.a4n+4+a7.a8n+8)

Or;
z, :(a14.an +aB g + 'l g™ +a7.a8n)'(an peT e +a8n)
Or;
o =da" +d e + @ a +ada + ™ +
g +ada® + o + 0%\ + a8 '
Thus;
z, = (@ +a+)a" +(@ +)a*" +a’a™ +(@® +a* +a" + (@ +a+)a" +

(10)

The zeros of the characteristic polynomial of the sequence  equal to zero and the characteristic equation is;
{z,}are;

X0+ +xt e +1=0
a,n , a,2n , a,3n , a,4n , a,Sn , a,6n , a,8n , a,9n , a,lOn ’a,12n
Or;
The characteristic polynomial of the sequence {z,} is 3 et T 4 4t o+ ]) =0
finding through the formula; (7 +x+D(x +x7+x7 X7+ Hx+]) =

F(x) =(x—a")(x~- a2n) """ (x— a,12n) (11) The subsequence as result of x* + x + 1=0 is periodic with
the period 2*-1=8, x" + x° + x* + x* + x* + x +1 is a irreducible
Thus, the characteristic equation of the sequence {z,}is; polynomial. The sequence - {71, as a result of the
characteristic equation x ~ +x” +x" + x~ +1=0 is periodic with
(x=a")(x=-a™)....(x—-a"*")=0 (12)  the period 2*-1=15, the same period of the sequence {a,},

and the sequence {z,} defined by the recurring formula
We can verify that;
Zp+10 + Zn+s + Zn+4 + Zn+3 + zZy = 0 (13)

And it is;
The coefficient of x'° and the constant also each of them is
equal to one, the other coefficients except; x°, x*, and x* are

000000010000111000000010000111....... (14)

Thus, the sequence reached its maximum length;

[4}[4}2“4(4—1):10 (15)
1) (2 2

And one period, with its cyclic permutations, don’t form £

an orthogonal set. Figure 2 showing the linear feedback shift
register which generates {z,}. 4—| 0 | 0 ‘ 1 |ﬂ | 0 |[] ‘ 0 ‘ 0 |D | 0 HZ"

Figure 2. Linear feedback shift register generates the sequence {z,}.

|
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3.1.2. The Sequence {z,} Is a Multiplication on Three
Degrees of the Sequence {a,}

Suppose the new product sequence {z,} as a product of
three different degrees in {a,} as following;
1) The first degree is a, (in another case we can make a
shift until to the first term) as in part1.
2) The second degree is b, = a,,, 5 (as a result of shift n by
9).
3) The third degree is ¢,=a, + y (as a result of shift the first

by yand d<r&y<r) then:

,

— — O n o n o, n _ O n

b, =a,.s=4ara +Aa,a, +..+4.a.a, —ZAia'i a;
i=1

n n

r r
z, =ab,e, =Y Aa’al +) A4 (afa}’ +ala?l + afa}’)af”a}? +

i=1 i=1
izj

,
oV Y A0
> a4 (ala)l +atal +a;

i=1,i# j
izk j2k

Thus, we have the following properties;
P1. Each term of the first sum, not equal to zero.

[ Y 40 oV ) nn o n
cayralal +a; ak+aiak)(aiajak)

P2. For one term of the second sum is equal to zero is equivalent to;

o,V Y A0
a; aj +ai aj

Or, by division on 0’,-5+y ;

+ aiaaiy =0

Q.
Suppose; 4 =| —~ | we have the previous condition is equivalent to;
a

i

A+ 4% +1=0

P3. For one term of the third sum is equal to zero necessary

and sufficient;

afa{ + a]’.’a',f + a'fa']‘.’ + a}’af +alal +alal =0

e e +
By division on af Y we have;

o y 14 o
Til () [Tl 49
a; a; a; a; a;
a a
Suppose, 4=| —= |and B =| =& |then;
a a
A°BY +A"B°+ A" + A°+BY +B° +1=0  (20)
This equation is symmetric and can write it as follows;

(4% +1)(BY +1)+(4 +1)(B° +1)=0 1)

P4. Sum, one term of the first sum with one term of the
second sum, is equal to zero necessary and sufficient the two

1% a o a i1% a o
H =L+ 22+ 22| +1=0
a; a; a;
conditions;
no_ 2 3_ 21,
D a" =aa; = ap =a7a;;
here, i, j, k, are different
35+ 2 5 5, Oy —
2). 4a’™ + 474 (aPa) +alal +ala))=0

The second condition can be written as;

,

— — VY 1 Y 1 Vn — Y 1

C, Ta,y, = A4aiay tA4,a5a0, +..+4.a/a, —ZAia'i Q;
i=1

(16)

(17)

(18)

(19)

(22)

(23)
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a 4 a. 4 a; ° y 0 AIE oty
B 2| | L]+ L] #1]=0 A" +4 +1:2—AB (25)
a; g, a; A 4;
P5. Sum, one term of the first sum with one term of the
y o 3 oty . . .
(a'jJ _{a’ jJ 4= A (a’k (24) third sum, is equal to zero necessary and sufficient the two
- - ) N conditions;
a; a; 474, \ a;
D. oy =(a0,a,) = a, =aa;a, (26)
a . a
Suppose; 4= —/ |land B=| =% then; .
PP (a_ J [a’_ J Where, no two between the indexes i, j, k, and m are equal,
' ' and;
S+yy — ) 5, 0 54 A0 s\ _
2). Ay(apn)= A4 4, (a'j al +afal +afal +alai +a’al +a/a; ) =0 (27)

Or, by division on af*” , the second condition can be written as;
5
a; a; ! a; g a; °
Sy === "
a, ai ai ai ai
_m + AfAjAk
. y 5 5

a a; a a; a Y
| 4| IR 4| L 4| 2
a; a; a; a;

A3

a . a a,
=oSuppose, 4= (—j], B= [—k} C= (—’"J then;
ai ai ai

1

A,C% + A, A, A[A°BY + A7B° + 4" + 4° + BV + B°1=0 (28)
Or;
AOBY + VB 4+ A2 + A0+ BY + B0 = m oy (29)
A A A

P6. Sum, one term of the second sum with one term of the third sum, is equal to zero necessary and sufficient the two
conditions;

). aia,, =000, (30)
Where, no two between the indexes i, j, k, m and / are equal, and

2)-A[2Am(a15ar};; +arlyaf2 +aly+§) +Al.AjAk(Q’;50'{ + 31)

Y 0 o,V Y A0 o,y Y 40y —
arap ta;a; raja; rayal +ajag)=0

a . a, a a,
By division on af’*y and suppose, 4 = [—j], B= (—k} C= [—’”],D = [—l] We have;
a a a a;

i i 4

i
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A°BY + VB + A° + AV + B° + BV =

2 [ D¢ +p/C? + D% |

A4, 32)
444,

P7. Sum, one term of the first sum, with one term of the second sum, and with one term of the third sum, is equal to zero,

necessary and sufficient the two conditions;

. a) =a;"a) = (a,a;a,)"

where, no two indexes between i, j, k, 4, /, and m are equal

(33)

2).Ayas + A A(apa) +ala) +al*0)+ 44,4, (a%al +

Y ~0 o,V Y ~0 o,V Y A0\ —
ajak +0’in +a,.aj +criak +aiak)—0

By division on af’”’ and suppose

a
a=| %) =[] oo % D[_jE[_jh

i i 1 i i

ALC + £ 4(E°DY +EYD° + E®*) +

44,4, (4°BY + VB + 4%+ 4V + B0+ BY) =0 (39)

Each of P4,...., and P7 properties leads to decrease the
length of linear equivalent by one (for each case) relatively
the maximum length . N, .

Example 2. Suppose the sequence {a,} as a result of the
linear feedback shift register which showing in the figure 1 as
in exampleland the sequence {z,} is a multiplication on three
degrees of {a,} as showing in figure 3;

L'

— T e

o I #
Figure 3. Linear feedback shift register generates the sequence {z,}.

Where a,,4 ta,,; +a, =0 and the general term of it is
a14.an +a13.a,2n +a,ll.a,4n +a,7.a,8n
And;

z, = an .an+1 .an+3

(34)

z, :(a14'a,n+a13'a,2n+a,11.a,4n +a,7.a,8n).

n+l 13 ,2n+2 11 4n+4 7

a? el a +a.a8”+8).

+a
n+3+a,

13 2n+6

o +O'11. 4n+12

.(a”.a
‘(0,14'0, a +a7‘a8n+24)

Or;

z, :(014.0,)1+al3.a2n+all.a4n+a7.08n).(an+a2n+a4n+a8n).

.(HZ.HVI +a4.0,2n +a8.a4n +a.a8n)
Or;
z, :al3a,n +alla,2n +a7a4n +a,5a5n +a,a,7n +
a,l4a,8n +a,10a10n +a8alln +a4.a,13n +a,2al4n

the zeros of the characteristic polynomial of the sequence
{z,}are;

0’”, 0,2;1,0,4n,a5n,a7n’a8n,a10n’alln,al3n’al4n

And the characteristic polynomial of the sequence {z,}
defined through the formula;

f@)=(x-a")x-a*)....(x—-a"") (36)

Thus, the characteristic equation of the sequence {z,}1is;

(x=-a")(x=-a™)....(x—=a"*")=0 (37)

We can check that;

And the coefficient of x'® and x° also is equal to one but
the other coefficients of the characteristic equation are equal
to zero, or;

X+ +1=0 (38)
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(P +x+D)* +x+)(xt 20 +1) =0 1=15 then the sequence {z,}is as a result of the characteristic
equation x'* + x° + 1=0 is periodic with the period 2*-1=15,
The subsequence as a result of the characteristic equation The recurring sequence {z, }is defined by formula;

x> + x +1=0 is periodic with the period 2°-1=3 and the each
subsequence as a result of each of the characteristic equation
x*+x + 1=0 and x* + x’ + 1=0 is periodic with the period 2°*-

Zp+10 +Zn+5 +Zn =0 (39)

And the sequence {z, } is;

000000010000100000000010000100....... (40)
The complexity of the sequence is 10 and doesn’t achieve Here;
its maximum length ,N; =14  and the set of all cyclic
. . . S VR | N | B
permutations of one period of {z, } is not orthogonal set. 4=a h=a"45=a 4,=a G=1y=3
From P2 of Part2, For the one term of the second sum is a=a.aq =a*a=a"a,=a

equal to zero necessary?

Properties P1 and P4 from Part2 is realized for the
following values of i, j and k (but the other properties P2, P3,
PS5, P6 and P7 are not realized);

Doy =a"a} > a; =ala};i# jizk, j#k

34000 4 42 Y +a¥a® +aa’) =
2) 4ea” + A7 A (apay rala); +aal) =0

a)i=1,j=3k=2= (a2 )3" =% &(a)" (@) = a®" and;
(@@ +@ @ (@' @) +@' @) +@?*)=0
byi=2,j=dk=3= (a“ )3" = a2 & (@) (@) = " and;
(@ (@) +(@* @) (@) (@) +@) @) +@*)=a® +a¥ (@) =0
0)i=3j=lk=4= (a8)3" =" & (a*)"(@)" = a”" and,;
@) @) +@" @ (@) @ + @ @' +@)) =0
dyi=4,j=2k=1=(a)" =a” &(@*)"(@*)" =a*" and;
(@ @) +@) @)@ (@) +@ ) @) +@*) =0

We can see that each of the property; 2, 3, 4, 5, 6, 7 are not realized, for example; For i=2, j=3, k=4 we have,
* Each term from the first sum is not equal to zero;
r r
3 et ra =Y gatar
i=1 i=1
* Each term from the second sum is not equal to zero, special;
13 TR . SN S V. I VR L. R I
a‘al+alal +alal =ayay +ajas +asa;
— A2\ 443 23, 4\ 143
=@) (@) +@)@’) +a
=%+ %+a* = +a?
=a’ #0

* Each term from the third sum is not equal to zero, special;
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oV Y 0 % Y 0 o,y VA0 —
ajal +alap +a’al +alaf +aial +ala; =
— (83 433 811 241 ¢ 483 213 401 241, 813 243 811
=@) (@) +(@) (@) +@) (@) +@)(a) +(@) (@) +@)(a)
v +a0 +a® +a% =g 20
* Sum one term of the first sum with one term of the second sum is;
3 _(5+ 2 5 S 4 OV =
Aal® + 44 ala) +alal +ala)) =
— 12 T\3 0 480143 1332 11 201, 413 213 41 2\4
=(@))’ (@) +(@ (@ (@) (@) +(@)(@*) +(@)))
=a¥+a (@) =a’+a+1#£0
The same is true for the other properties, and thus, the b, = a,,z (as a result of shift the first term by [8), third term

length of the linear equivalent generated {z, } is; is ¢, =a,,, (as a result of shift the first term by z), forth
4 4 4 termis d, =a as a result of shift the first term b the
1 2 3 all B, i, y are less than or equal to 7), thus;
The linear equivalent of {z,} is showing in figure 4; r
a, = A4al + o) +...+4.q = ZAiai”

T i=l
S

b, = Aafal + Hafa) +...+ dafa) = 4a!"”

- {oTo[i oo o]ula]o o }—d ,

c, = Aaf'al + afal +...+ Aafal =) 4aH

Figure 4. Linear equivalent of product sequence on three degrees of {a,}. —
=
3.1.3. Suppose, the Sequence {z,} Is a Result of -
Multiplication on Four Terms from the Sequence {a,} d = Alalyaln + Azg{ag +.. . +AQa" = Z Aa™
n AL YL ARLE2TL e rr r 171

As the following; the first term from {a,} is a,(in another pr)
case, we can shift the terms to the first term) second term is

bc, d

n-n-n—n

:
S staprera s

i=1

z,=a

,
3 B r By 1 HYY o B BrutyN 30 ot
+ZAiAj(a'i a,raia; tal v ay taf a; a; +

i,j=1

%]
[ BtV 4+ ¥ ot U BV 4oV B
al (a’jak +ajak)+a,. (a’jak +ajak)+
.
2 VB H H B Bru( Y 4 oV 2n yn o1t
+ Z A7 44| a; (ajak +a_/.ak)+a,. (aj +ak)+ a; a;ay
i,j k=Li# ]
i#k& jtk +aﬁ+y(a‘.’ +aﬂ)+a."+y(aﬁ +a~8)
i J k i J k
[ BaH Y Bl MY Y M
, Z (a{/aka, )+al. (a'ja'k +a'jak)+
D A A A4 URD (a,a,a,0,)"
i,j k=L, UV B 4 B /1) }/( Bl 4 M ﬁ)
i, j K aredifferent | i (a]a, tayap|tai\aga; taga;

Where (j, &, /) is the set of permutations of {j, &, [}, Thus, we have the following properties;
P1. Each term of the first sum is not equal to zero.
P2. For one term of the second sum is equal to zero to necessary and sufficient;

af ol +afrak +alVal +af Y =0 42)
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a,iﬂ+ﬂ+y

Or (by division on and arranging the order of the terms);

B H 14
a; a; a;

AP+ 4"+ 4 +1=0 (44)

aj;
Suppose 4 = —= then;
a.

l

P3. For one term of the third sum is equal to zero is necessary and sufficient realized;
B MY VM U BHY Y B V(B H U B
a; (aj ay +a’a; )+al. (a'j ay +ala; )+al. (aj a; +atay )+
Bru| v y Bry | 4 H ury [ 4B B\ =
a; (aj+ak)+al. (aj +ak)+al. (aj +a'k)—0

Or; (by division on a,-ﬂ THY and arrange the terms as necessary);

TR R
(2] (T3] (o (2 e 2 2] -

- a
Suppose; A4 =—-, B =—k then;
a. a.

1 1

Q|\

A'BB”+A”B'B+A'BBV+AVB'B+A”BV+

(45)
AVBH + (AP + 4 + 4 )+(BP +B* + BV =0

And it is a symmetric equation and can writ it as following;
(AP DB+ 1)+ (A4 + DB +1)+ (47 +1)(BY +1)+ (4" +1)(B7 +1)+
(A" +1)(BY +1)+(AY +1) (B +1) + (4P + 4" + 47y +(BF + B +BY) =0
P4. For one term from the forth sum is equal to zero is necessary and sufficient realized;
> (a'.ga"ay)+aﬁ(a‘.’aya}.’a")+
J k™ i Y% %k
(kD)

HavaPalal N+ at (aBa + a“a?) =
a (aja, ayaj )+al. (aka, +afal )—0

(aﬁ +af)(aj’a{+a]‘.’a,f’)+(aﬁ +a,f’)(af}’aff +afa}’)+(a,y+a{)(afa/’ +a,f’afg) =0

By division on a’iﬁ THYY then the latest equation can be written as;
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[ B H v Y H

1+ ﬁ] {“_J @] S (a_j .
a; a; a; a; a;

[ H v B B v

4 @j (G_J ﬂj R &J (ij R
a; a; a; a; a;

R B H B U

s _,-] [@] ﬂ] R ﬂ] +[ﬁ] “0
a; a; a; a; a;

_9; ay a - i
Suppose; 4 =—~, B=—%, C =— then the latest equation can be written as;
a. a; a;

1 l 1

(1+CP)(A*BY + AYB*) +(1+ B*)(AVCF + 4PCY) +

(46)
(1+ AY)(BPCH ++B*CP)=0
P5. For the sum of one term from the first sum with one term from the second sum is equal to zero is necessary and
sufficient the following two conditions;

1) a}" = af”a';? where 1, j, k are different
2) Alaf Y+ A4 @f )l val Yt ol al +aftty =0

a j a . .
—~, B =—= then the latest equation can be written
a. a.

l l

By division on a;’} THYY and suppose, 4 =
as;
4 pBruty 3 B H y -
A'B B A AP+ A+ 4 +1)=0

P6. For the sum of one term from the first sum with one term from the third sum is equal to zero is necessary and
sufficient the two conditions;

al" = af”a’fa,’f Where i, j, k, and / are different (47)

[ B AtV oV Al U BV oV By
a! (a'jak +a'ja'k)+a,. (a'jak +a’af )+

Alaf Y + 44,4,

Q

By division on a;’} THYY and suppose 4 = L
a;

APCPHHY + 424 jAk[

j,B:

1

a
, C=

et
a;

Thus, as the same, we have the corresponding relations for

a

Y(aPat +ataPf B g¥ + g7 -
ai(ajak+ajak)+ai (aj+ak)+ =0

+aftv (af‘ +a/é‘)+al./‘+y(a}.8 +

A'uBy+AyB'u+AﬁBy+AyBﬂ+AﬂB'U+A'uBﬁ+
+H(AP + A* + A" +(BP + B + B”)

(43)

then the latest equation can be written as;

(49)

the forth sum is equal to zero.

the following cases;

1. Sum one term from the second sum with one term from

the third sum is equal to zero.

2. Sum one term from the second sum with one term from

the forth sum is equal to zero.

4. The sum of three terms from the different four sums is

equal to zero.

5. The sum of four terms from the different four sums is

equal to zero.

3. Sum one term from the third sum with one term from
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3.2. Multiplication Sequence on Two Linear Sequences
Generated by Different LFSR

Suppose a’DFz, &,BDFzS and a & [ are not in F, then

a. isin Fz‘ where ¢ is the lowest common multiple (Icm) of

m and n, in special case if r,s are relatively prime then
=rs.

Suppose the recurrent binary sequence {a,} which has the
complexity » and a is a primitive root of its characteristic
equation then this sequence is periodic and its period is 2" -
1,{b,}is other binary sequence which has the complexity s
and [ is a primitive root of its characteristic equation then
this sequence is periodic and its period is 2° -1, and suppose,
for easily, » and s are relatively prime then the roots of the
characteristic equation of the binary sequence {z,}={a,.b,}
are in the field £, and this sequence has the period 2"*-1.

whift regster for o,

==
+
b T,
011

__:_'|,_

:E#,ﬁ‘-zn

0(0|1 =

=

olaft regster for b,

Figure 5. Feedback shift registers for the sequences {a,}, and {b,}.

Example 3. Suppose, the linearly binary recurring
sequence {a,} defining through the recurring formula a,., +
an+ + a,=0 or a,,=a, + a, and the linearly binary recurring
sequence {b,} defining through the recurring formula b,.; +
b, + b,=0 or b,s=b,.; + b, and {z,}={a,. b,} as in the
following figure 5, which shows the feedback shift registers
for the sequences {a,}, {b,}, and the product sequence {z,}.

The characteristic equation of the sequence {a,} is

x*+x+1=0 and its characteristic polynomial is the prime

polynomial f(x)=x>+x+1. If a is a root of f{x) then a

generate the field /), and;
F,={0,a° =lLa,a’ =a+1}

The general term of the sequence {a,} is of the form

a, =" +c,a™ by solving the following system for n=0

¢ te, =1
cla+c2a2 =0

Thus; ¢, = a’=a+l , ¢; = and the general term of the

and for n=1we have;

sequence is a, =a’a" +aa”"
Or;

a, =(a+)a" +aa™

And this sequence is periodic with the period 2% —1=3
anditis 10110 1.... and the all cyclic permutations of one
period form an orthogonal set.

The characteristic equation of the sequence {b,} is

x> +x+1=0, the characteristic polynomial g(x) = X +x+l

is prime, and if 3 is a root to g(x) then /3 generate F); and;

Fp={0,8" =LB.B.B =B+..B =5 +B.B = +B+1.5°= B +1}

The general term of the sequence {b,}is of the form
b, =¢,B" +¢, " +c; B, by solving the following system
for n=0, n=1, and n=2 we have,

qte,tey=1
aB+e, B+ 84 =0
aB’+e,B +¢,B° =0

Thus; ¢, =1,¢, =1,¢c; =1 and the general term of the

sequence {b,} is b, = 8" + " + 5"

The sequence is periodic with the period 2> -1=7and it
is100101110010T1 1..., and the all cyclic
permutations of one period form an orthogonal set.

From the relation z, = a,.b, we have;

z, =@’ @P) +a*(@p) +a* @By +a(a’ By +a(@’ B*) +aa’ By’

Thus, the complexity of the sequence {z,} is 6 and,
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(@BaB*)aB')a* Bla* B )a’ B =a’ " =1
And its characteristic equation is of the form;
x° +csx5 + c4x4 +c3x3 +02x2 + clx1 +1=0

We can find the coefficients ¢;,c; ...,c5 through solving the

following recurring system for n=0, 1,...4 and initial value of
z, corresponding to them;

Zyae Y CsZyus T C4Zyaa Y 323 ¥ 0oZ,00 HO1Z,4 +2, =0

Thus, we have; ¢, =¢, =¢;, =1&c¢; =c¢5 =0and, in result,
the recurring equation of {z,} is;

Znte T Zpaa T Zpa Y200 T2, = 0

The characteristic equation of {z,} is;

4,2

X +xt+xt+x+1=0
The linear feedback shift register of the sequence {z,} is
showing in the following figure 6;

=1 =

lio|l1jo |01 —=

Figure 6. The linear feedback register of the sequence {z,}.

Thus, the sequence {z,}is periodic with the period 3
(7)=21 and the set of all cyclic permutations of one period is
not orthogonal set and the sequence is;

100101100000101001001100101100000
101001001.....

In other hand the polynomial A(x) =x®+x+lis a prime
polynomial and if y is a root of A(x) in F,® then y generates
FS a= y21 = y5 +y4 +y3 +y+1 generates F,’, and
B= y9 = y4 + y3 generates F>’ (see Appendix).

Thus the general term of the sequence {z,} can be written
through the elements of F,’as following;

A S U e e A U B A U o I A s A il (b s

A R (a0 B A A S A U B A S (el s

Or;

2= ) R R Y T Y

We can see that;

AP OHY ) =y = =1

And {z,}has the complexity 6.

Column 2

Columnl

Block

%

Figure 7. Method reading page with block.

4. Conclusion

1) If the sequence {z,} is multiplication on only two
degrees of the recurring sequence {a,}and the
characteristic polynomial of the sequence {a,}is prime
of degree r then the equivalent LFSR of {z,} reached its
maximum length

N, :[r]_l_(r]:r_l_r(r—l)
1 2 2

2) If the sequence {z,} is multiplication on only two
degrees of the recurring sequence {a,} and the
characteristic polynomial of the sequence {a,} is prime
of degree r then the sequence {z,} is also periodic and
has the same period of {a,} which equal to 2" -1 but the
cyclic permutations of one period of {z,}is don’t form
an orthogonal sequence as the sequence {a,}.

3) If the sequence {z,} is multiplication on / degrees of
the recurring sequence {a,}and the characteristic
polynomial of the sequence {a,}is prime of degree r
then the length of equivalent LFSR of {z,}usually is
less than or equal its maximum length N, and maybe

(50)

can’t reach it where;
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N, =Gj++(2j =r+ r(rz_l) o - i OD
\r- :

4) Length of the multiplication sequence {z,} on #

degrees of the linear recurring sequence {a,} is
pending not only with the roots of the characteristic
equation of the sequence {a,}but also pending with
the coefficients of the terms in the general solution of
the sequence{a,} and with the shifts of the terms of
the sequence {a,} which on them occur the
multiplication.

5) If the sequence {z,} is a multiplication on two recurring

sequences; {a,}which its characteristic polynomial is
prime of degree » and {b,} which its characteristic
polynomial is prime of degree s and if » and s are

Appendix: Elements F;

F

v8)

POy e ey

relatively prime then the sequence {z,} is periodic with
the period (2" =1)(2* —1), and has the complexity r.s. I

think, if » and s are not relatively prime then the period
of the sequence {z,}is (2’""*)-1) and its complexity is

lem(r,s).
6) Using multiplication operation on different sequences
operation leads to getting sequences with high

complexity and with a high period but not orthogonal.

Limitation: This method of compose sequences is useful
for only binary sequences and the addition on the
sequences computed by “mod 2 “ also used Microsoft
Word 2010 and the Microsoft equation 3.0 for written the
math equations.

The method for reading a page which has a block will be
according to the following direction as in figure 1.

P l=yiey vy +1
ey ayey vy
VR e =l
Meyeyeyiel
ye=y
o=y +y+y

YW=y Hy y+l

ST STSLNS TR SR T
non oo
S S T e S
+ + F F o+
NI T

yl4_
Y =yy
yo=yey+l
Y=y ity

Vi ey ey
VY ey vy

|
‘A

+
~o

=1 Vl=py +) + )2 +py+1
Py ey e
Py ey
P
Py
p =y eyel

=y+l1 Vi=y+yity

yi=yteyiey
=y +yiey
VO eyt vyl
y'=y+yi=1
yi=y+l
yi=ytvy
yi=y+y

yP =y +y+l
ye=y+y+y
Y=y +y+y
VE=y ey
V' =y sy y
YOy ey s
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