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Abstract: Linear orthogonal binary sequences, special M-Sequences, are used widely in the systems communication
channels as in the forward links for mixing the information on connection and as in the backward links of these channels to sift
this information which transmitted and the receivers get the information in a correct form In current research trying study the
construction of the linear equivalent of a product sequence on two, three, and four degrees over a linear sequences from the
field Fp, where p is larger than two, and answering on the request, how is the maximum length of the linear equivalent of a
product sequence (on a linear sequence {a,} over the field Fp), is it less than ,V, as the binary sequences?, or can reach it ?, or
the length is exceed this value ,N,? And is the product sequences are orthogonal? And we show that in some cases, the
maximum length ,N, for the binary sequences is not correct for the linear sequences in the finite field Fp for p larger than two
and the result product sequences are not orthogonal, also trying study the product sequence on two different LFSRs, and how
can use one shift feedback shift register LFSR as a monitor register of other p registers. In the current time, I think, there is no
coders or decoders using the sequences over finite fields Fp where p is larger than 2 and from this idea this article showing
very need for using in the future.

Keywords: Linear Sequences, Finite Field, Linear Feedback Shift Register, Orthogonal Sequences, Linear Equivalent,
Complexity

complexity of {z,} can’t be exceeded

N, :@{;}{2) [8]

Orthogonal Sequences are used widely in the systems

1. Introduction

The main obstacle to encoding and decoding is the
complexity of decoding and decoding. For this reason, efforts

have been made to design cryptographic and decoding
methods in an easy way. The works of Hocquenghem in
1959, Reed Solomon 1960, Chaudhuri and Bose in 1960,
BCH codes or Bose—Chaudhuri-Hocquenghem codes and
others as Goppa, and Peterson 1961 were a new starting point
for solving this issue. [1-5]

In all stages of the encoding and the decoding, the
orthogonal sequences play the main role in these processes,
including the sequences with maximum period M-Sequences,
Walsh sequences, Reed-Solomon sequences, and other
sequences. [6-12]

Sloane, N. J. A., discuses that the multiplication sequence
{z,} on h degrees of {a,}, which has the » complexity, the

communication channels as in the forward links for mixing
the information on connection and as in the backward links
of these channels to sift this information which transmitted
and the receivers get the information in a correct form,
Especially in the pilot channels, the Sync channels, and the
Traffic channel. [10-12]

Shannon's classic articles, 1948-1949, were followed by
many research papers on the question of finding successful
ways to encode and successful decoding the media to allow it
to be transmitted correctly through jammed channels. [6-8,
13, 14]

The Author Al Cheikha A. H., Studied the case for p=2. [15]
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2. Research Method and Materials

M- Linear Recurring Sequences
Let k be a positive integer and A ,A),A,.... A are

elements in the field 7,={0, 1,...,(p-1)} and p >2 then the
sequence d,4,,... is called the nonhomogeneous binary linear
recurring sequence of order k (or with the complexity k) iff:

an+k :Ak_lan_'_k_l +Ak_2an+k_2 +...+A0an +A, A &Al DF N i= O,l,...,k _1

k-1
Ay =Z/]ian+[ +A (1)
i=0

The elements a,,q,...,a;_ are called the initial values (or
the vector (ay,a;,...,a;,_;) is called the initial vector). If

A =0 then the sequence 4,4,... is called a homogeneous

binary linear recurring sequence (H. L. R. S.), except the zero
initial vector, and the polynomial

FE@) =6+ A T A+ A 2)

Is called the characteristic polynomial. In this study, we
are limited to Ay =1.

Definitionl. The ultimately sequence @,4;,.... in F, with

the smallest natural number r is called periodic with the
period 7 iff:

[2-6]

Definition2. The linear register of a linear sequence is a
linear feedback shift register with only addition circuits and the
number in its output in the impulse # equal to the general term
of the sequence {a,} and the register denoted as LFSR. [3]

Definition3. The complement of the  vector

X =(x,%,.5%,), X; OFp is the vector X =(x;,%,..,X,) »

where:

% =(p=Dx;, mod p

r=1

a(1)= Y a,(t+1)mod p,T=0,1,...7; R,(1)) =D

t=0

Because for 7 = £ 2_1 = a(t+1)=a(t) [1,2]

[2, 6-7]

Definition4. Suppose X = (X X 5eres Xy q) and
Y =(¥gs Vi>--s V1) are two vectors with the length n on £}, .

The coefficient of correlation function of x and y denoted by

Eor HE

n+l|. ) n+l
Where | — |is the nearest integer of the number ——
p p

x,p2

Ry = )

[13].
Definition5.
Y =9>M>-Yy_1) are two vectors of the length n on Fp is

said orthogonal if ZX = ix,- =0, Zy = Zn:y,- =0mod p |
i=0 i=0

and R, , <1, [8-9]

Definition 6. The periodic sequence (&;);ny over F, with

Suppose, X = (X5 X peeer Xpy_y) and

the period r=p"—1 has the property of “Ideal Auto
Correlation” if and only if its periodic auto Correlations
R, (7) of the form:

a(r)=0 and R,(1)<1 (4)

When;

n

a(t+7)+a(1 - -1
(—1)( ) ()—(p"l—l),forr;'fp2 (5)

Definition7. Suppose G is a set of vectors of length n on the field Fp:

G ={X:1X = (%92 XX, O F, i =0,1,n =1

The set G is said to be orthogonal if the following two conditions are satisfied;

1.OX0OG, X #0; Zx[ =0mod p& Ry =Ry, <1; when 0=(0,0,...,0), (6)

i=0
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20X YOG #2X &Y ZX); X+YOG& Ry, <1. (7)

(6, 9]

Definition 8. (Euler function ). @n)is the number of the
all-natural numbers that are relatively prime with n. [11-14]

Definition 9. The linear equivalent of a multiplication
sequence {z,}, on a linear sequence {a,} which generated
with the linear register LFSR1 and the sequence{z,} is a
multiplication on some terms of {a,} (that is a result of
multiplication circuits over the LFSR1), is a linear shift
register LFSR2 generates the same sequence {z,}. [2-3, 8]

Definition10. The length of the linear equivalent of a
multiplication sequence is the number of its complexity and
equal to the degree of the characteristic polynomial which
generates the same multiplication sequence, and the
multiplication sequence can be generated through the linear
equivalent. [8]

Definition 11. The maximum length of a linear equivalent
is the maximum length of the linear equivalent LFSR2 (it is
the number of its complexity) which can be reached and the
length of linear equivalent is always less than or equal the
maximum length N, . [2, 3, 8]

Definition 12. Inverse problem: Finding the sequence {a,}
which {z,} is a multiplication sequence on it and it is one of
the issues at present and it requires a solution. [8]

Theorem 13.

i. If ay,q,.... is a homogeneous linear recurring sequence

of order k in F),, satisfies (1) then this sequence is periodic.

ii. If this sequence is a homogeneous linear recurring
sequence, periodic with the period r, and its characteristic

polynomial f(x) then r| ord f(x) .

iii. If the polynomial f(X) is primitive then the period of
the recurring sequence which has f{x) as a characteristic
polynomial is pk —1, this sequence is called M—Sequence
over F),, or briefly M,-Sequences. [6, 11-14]

Lemma 14. (Fermat’s theorem). If F is a finite field and
has ¢ elements then each element a of F satisfies the
equation:

x? =x.[6,10]

Theorem 15. If g(x) is a characteristic prime polynomial of
the (H. L. R. S.) 4y,4,.... of degree k, and @ is a root of

g(x) in any splitting field of F, then the general term of this
sequence is:

k \n
a, =Zq(al’”) 6, 11]
i=1

Theorem 16.
i (@" =D|(g" =1 = m[n

ii. If Fis a field of order ¢ = p” then any subfield of it is
of the order p™ and m| n, and by inverse if m| n then in

the field £ there is a subfield of order p™ . [6, 10-14]

Theorem 17. The number of irreducible polynomials in
F;(x) of degree m and order e is@e)/m , if e =2, when m
is the order of ¢ by mod e, and equal to 2 if m=e=1, and equal
to zero elsewhere. [6, 10-14]

* The study is limited to the Galois Fields of the form £/ o
and p > 2, then the period of each sequence in it with prime
characteristic polynomial is » = pk -1.

3. Results and Discussion

3.1. Study Multiplication Sequences on a Recurring
M-Sequences over Fp.

Suppose the recurring M-Sequence {a,} over Fp with the
complexity » and a;, o, ..., a, are its different linear
independent roots of the characteristic equation of the
sequence then the general term of the sequence is given
through the relation;

,

- n n n n

a, = Aal + 4,05 +..+ A0 = Aq]
i=1

If the sequence in Fp, its characteristic equation is prime,
and a is a root of it (a is prime element in F,) then the
general term of the sequence {a,}is;

a, = A"+ 4@+ 4@ =D 4@ (@®)

i=1

3.1.1. The Sequence {z,} Is a Multiplication on Two
Degrees of the Sequence {a,}
Suppose the multiplication sequence {z,} as multiplication
on two different degrees of {a,} as the following;
(1) The first degree is a, (in another case we can make a
shift to the first degree).

(2) The second degree is b, =a,.5 as a shift of the first
degree a, byJ.

-
— — n+d n+td _ n+td _ n+o
b, =a,5 =407 " + 4o, " =+ A.a, _ZAiai

i=1

Or;

b

n

»

— — o n O n o n — o n

=a,.5 = Aalal + 4,050) +..+ Aalal = A.ala;
j=1

z, = anbn =a,0,.5



International Journal of Information and Communication Sciences 2020; 5(4): 46-68 49

r r s ”
2,0 21 o [ P ]
z,=| D Aal | DA —[ZAI' a;a; ]*ZAI'A./(“I‘ vaf)aia;
— el i=1 i.j=1
= J= J#i

Thus we have the following properties;
p
P1. Each term of the first sum is not equal to zero and the number of these terms is equal to [1 ] =r.

P2. Also, a term of the second sum is equal to zero if and only if;

B
& 0\ n o _ &, 0 _ 5 __ .0 5 _ &
ZAl.Aj (al. +ta; )al. a; =0=a’ +a; =0=a; =-a; =>a; =(p-DHa; =
i=1,j
J#i
Or,
a J p/'—] J
L\ =(p-)=>|—L+| =(p-D=a°"" #landOF,a’” OF,
a; al!’
. . . . o=l
Thus, it is a contradiction, then no term in the second sum is equal to zero and the number of these terms is ) = T

and the complexity of the sequence {z,}is;

(rj_'_(r]:r_'_r(r—l)
1 2 2

P3. Sum “one term of the first sum with one term of the second sum” is equal to zero if and only if there is different i, j, k
satisfies the two conditions;

Aa’a’ + 4,4, (af + qf)a}’q}’ =0
And it is equivalents the two conditions;
1) a;" =ala) or a} =a,a; and,
4
44,
If the sequence {a,} is linear recurring sequence with prime characteristic polynomial of degree » and @ is a zero of the

2) Aal + 44,0l +a?)=00r af +al =(p-1)—*-af

characteristic polynomial then the roots of the characteristic equation are P P and the general term of the sequence
poly q a,a’,..a g q

is of the form;

a, =4a" + 4H(@")" +~~~+Ar(0'pril )" :ZAi(api_l)”
i=1

Thus, for the first condition each of the i, j, k can’t be one, and if there is be such other values will be as;
2P =g g™ = g2 =g
Or if i is the smallest;

i-1
a2 = g g2t 2 ( a<1+pf"'>)”
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2pk—l

pi -1

J-i k=i J-i _; P
a = a(l+p, ) = azp = a(1+p/ ) = 2pk L 1 + p./ 1
Thus 2 pk_i and p’™" are relatively primes and it is a contradiction then the sum of one term from the first sum with one term

r r -1
from the second sum can’t be equal to zero and the linear equivalent reached the maximum length (1 J + (2] =r +¥ .

Thus, the sequence {z,} is periodic with the same period of the sequence {a,}.
Example 1. Suppose the following sequence {a,}, UnUN; a, UF;;

a,3+2a,,, +ta, =0ay0ra ,z=a,, +2a,;a, =1,a,=2,a, =0

As in the following figure 1;

Figure 1. Product sequence with two degree on F.

The characteristic polynomial of the equation f(x) = x> +2x+1 is a prime and the characteristic equation of the sequence is;

X +2x+1=0
If 8 is a root of the equation then;
B +28+1=0
And;
Fy ={0.° =B, 8.8 =B+2.B' =B +2B,5 =2 +B+2,5° = B* + B +],
B =B +2p+2,5 =25 +2,8 =+, =+ B, = f7 + f+2
B2 =p 42, B =2, =25 B =25, B0 =28+1,57 =252+ ©)

ﬁlS :)82+2ﬁ+13ﬁ19 :2ﬁ2+2ﬁ+23ﬁ20 :2ﬁ2+ﬁ+13ﬁ21 :ﬁ2+15
B =242, =25 +20. 5 =2 + 25417 =25 +1;

The general solution of the characteristic equation is;
a, = AB" + 4,(B) + 4B )"
Solving the given equation is;
A+4,+4,=1
Ba+B 4+ 4 =2
B4+ B4+ B4 =0

We have;

A =0 =2+ L4, = =25 42,4, = =25 +25+]
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And the general solution of the characteristic equation is;

a, =B +B (B + L)

a, =2B° +B+1)B" + 25 +2)/(B+2)" + 2 +2B+1)(B+1)"

And the sequence is periodic with the period: 3°-1=26 and the sequence is;

1201110020212210222001012112011160....

The multiplication sequence z, =a,.a,.,, then;

y =B+ BB + 2B +2) " + 257 +28+1) 3

And;

2, 228 (B + BB + BB + BB + BB + B (B

z, =228 (B) + QB + B+D(B) +(2B° +2B+2)(B°)" + (257 +2)(B)" +
QB +B+1(B) +(2B° + B+2)(B)

The characteristic equation is;
(=)= B =B )x = BN = ) (x =) =0
We can find that;
BNBHYLNBNB B =7 =1
And the characteristic equation is of the form;
X0+ fhox” + L + 3+ hx+1=0

Calculated the coefficients we have;

Hs =21y =215 =2, /b =114 =2
Thus, the characteristic equation is;

K420 + 25 +20° + a2 +2x+1=0

(P +x? +2)(x +x* +x+2)=0

Where
h(x)=x>+x> +x+2 s

polynomial in F;* each of them of the order 13. Thus, the
recurring sequence {z,} is;

each of g(x)=x> +x* +2 and

minimal but not primitive
Zn+6 +2Zn+5 +2Zn+4 +22n+3 +Zn+2 +22n+1 +Zn =0
Or;
Zn+6 = Zn+s +Zn+4 +Zn+3 +2Zn+2 +Zn+1 +2Zn

is periodic with the period 13 and {z,} reached the maximum

length 3V, =6 and this sequence is;

200110000022120011000002212001100

Figure 2 showing its feedback linear shift register of the
sequence {z,}.

Figure 2. Linear Equivalent of {z,} with 6 complexity on F.

For one period wye=(2001100000221)and for all its
permutations S={wy, wy, ..., w,} when;

wi=(1200110000022),w,=212001100000
2),ws=(2212001100000),

we~0221200110000),ws=002212001100
0),we=(0002212001100),

w=(0000221200110),ws=(000002212001
1), w=(1000002212001)

wie=(1100000221200),w;;=(011000002212
0),w,=(0011000002212)

From equations (4) and (5);

w; (1) =0and R, (1)=3;i=0,1,...,12
Al’ld,' Wor1=Wo + WIZ(O 20121000021 O) thus;

o 08,> =0,and R, , =3

Wo+i
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And; wy3=wyt ws=(100201210000 2) thus; 2) The second degree is b, =a,.,5(as a result of shift n by
wy3 US, Z =0,and R, ,, =3 Oand O<r).
" 3) The third degree is ¢, = a,+), (as a result of shift n by

< < :
Thus; the set S is not an orthogonal set. V)and O<yandy<r, then:

3.1.2. The Sequence {z,} Is a Multiplication on Three 5 n 5on 5on N 5on
Degrees Ofthesequence {an} b}’l —an+5 —Alal O’l +A20'2 0’2 +...+A,.O'r O’,. —ZA,O’Z 0’,
Suppose the new product sequence {z,} as a product of =
three different degrees in {a,} as following; .
.1) The ﬁrst. degree is a, (in another. case we can make a Cy Zlyey = Alalyaln +A2a{a§’ +...+A,.ar”a,f‘ - ZA[aiya[n
shift to we arrive at the first degree) as in 3.1.. pn

r r
— — 3 _,0+y . 3n 2 o,V Y 40 oV 2n 0
zn—anbncn—ZAiai a; +ZA,. Aj(a'l. a;+aja; +a;aq; )a'l. a; +
i=1 i=1
%]
.
SV Y 0 % Y 0 o,y Y 0 n . n n
z 44,4, (a'jak tajay raya) taja; ta;al +aj ak)(ai a;ay)
i=Li#j
izk j#£k

Thus, we have the following properties;
P1. Each term of the first sum is not equal to zero.
P2. For one term of the second sum is equal to zero is equivalent to;

a,if’a,]k + a'l.ya';j + a'fa'l.y =0 (10)

a ¢ ’
L1+ L] +1=0
al al

a;

Suppose; 4= [?J we have the previous condition is equivalent to;

Or, by division on af”’ :

Q

AV+A5+1:O (11)
P3. For one term of the third sum is equal to zero necessary and sufficient;

o,V Y 0 Oy Y 0 oy VA0 —
ayaip rajap taya; raja; +a;ap tajag =0 (12)

By division on a®* we have;

e
a ) \a a )\ a a; a; a; a;

i a
S , A=|—L |and B=| =X |then;
uppose [a' ]an [a] en

Q

A°BY + VB + A4V + 4% + BV +B® =0 (14)
This equation is symmetric and can write it as follows;

(42 +1)(BY +1) +(4 +1)(B° +1)+1=0 (15)
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P4. Sum, one term of the first sum with one term of the second sum, is equal to zero necessary and sufficient the two
conditions;

1). @ =ai"a’ = a; = a;a);, Where i, j, k are different (16)
2). La’V + 4} 4,a’a’ +alal +ala))=0 (17)

The second condition can be written as;

y o o+y
[ﬂ} +[ﬂ} 1= (p-1)—F_ 4 [akJ (18)
a, a, A 4\ a

a . a.
Suppose; 4= [—J] and B= [—k] then;

3
A+ A% +1=(p-1)—L—_ Bt 19
pP- ) (19)

P5. Sum, one term of the first sum with one term of the third sum, is equal to zero necessary and sufficient the two
conditions;

). @) =(aa,a,)" = a, =a,a,a, (20)
Where, no two between the indexes i, j, k, and m are equal, and;

o )

3 J+y o,V 1% o
2). 4, (a, )+AiA_/Ak(a_/ ag raja ta;

Y+ oV SV +Va?) =
al +ala’ +alal +alaf)=0 @1

Or, by division on a’fﬂy , the second condition can be written as;
oty J y y o ¥ J g ¥
a; a, a. a.
A’ia_’" +AAAk_/ &+_j &+_] +ﬂ +| L +& =0
ai al' ai al' al' ai al' al' al'
a,; a a,
Suppose, 4 = [—1], B= [—k], C :[ - ]then;

AyCoY + 4,4, A4 [A°BY + AVB° + 4" + 4° + BV +B°] =0 (22)
Or;
A3
A°BY + AVBO + AN + A%+ BY + B = (p-1)— (23)
4,4; 4,

P6. Sum, one term of the second sum with one term of the third sum, is equal to zero necessary and sufficient the two
conditions;

). afa, =a.a; i@k , Where, no two between the indexes i, j, k, m and / are equal, and; (24)
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2 5 5 +5 5 5, 0 5 5 5y —
2). 4 4, (a/a)y, +ala, +af )t 4,4, 4,.(aj; a]g+a]}{ak ta; a]}‘/+az'yﬂj ++aial +alal)=0 (25)
a; a a a
By division on a'f“’and suppose, A=| = |, B=| =% |,C=| == |,D=|—L|, we have;
a a a a,

BIoE GRS ABEEAEE

2
OB + AVBO + A0+ AV +BO 4B = (p 1)L | D°CY + D"+ D% | (26)
A4,

P7. Sum, “one term of the first sum, with one term of the second sum, and with one term of the third sum” is equal to zero,
necessary and sufficient the two conditions;

). @) +ai"a) +(a,a;a,)" 7)

where, no two indexes between i, j, k, 4, /, and m are equal

2). gy’ + 44 ajal +alal +al )+ 44,4 (adal +alal +alal +alal +alal +alal) =0 (28)
e o+ aj ak am al ah
By division on @ and suppose 4= — |, B=| —|,C=| = [,D=|— |,E=| —* |then;
a a a a, a,
ASCOY + AT A(E°DY + EYD° + E°Y) + 4,4, 4, (AJBV +A4"B° + 4%+ 4 + B° +BV) =0 (29)

Each of P4 or .... or P7 properties leads to decrease the length of linear equivalent by one (for each case) relatively the
maximum length , N, .

Example 2. Suppose the sequence {z,} as a multiplication on three degrees of {a,} as in figure 3 (see Example 1) where;
zZ, = bnan+2 = a8, %,42

-

-

41

Figure 3. Multiplication sequence {z,} on three degrees over F.

Thus, from example 1;

a, =B +B (B + L)
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an+1 =ﬂ21ﬁn +ﬁllﬁ3n +ﬁ7ﬂ9n
b, =a,a,. =28 (B + BB +B° (B + B (B) +B7(B*) + B (B
yey =2B+2)B" +2B(F) +2B+ (B
2, =B B + BB + BB + 2By + B (B +2B") + BT (B +
+/825 ()819)}1 +2(/821)

2, Z(B AN (B + BB+ + QB +2B)2 + B+ + 2B +2B+2)" +
(B +2B+2((B+1)" +2(B*+ B+2)" +(2B° + BY2B)' + (2B + D2’ +2B+2)" +2(B° +1)

The characteristic equation of the sequence is;
(x=B)x=L)x=F).(x= ) =0
We can see that;
CBBYBY-BYBN-BNBN-L -5 =-p" == ==2=1
And the characteristic equation is of the form;
X4 o o T o px® s + gy xt o)+ px+1=0
Calculated the coefficient we have;
My =0, 0k =1 fhs =2, fds = 0,4y =1, 15 =0, 41y =2, f4 =2
9

O +x” +2x8 +xt 222 +2x+1=0

(® +2x+D)(x? +2x7 +x+1) (x> +x2 +2x+1) =0

the recurring formula of the sequence{z,}is;

Zn+9 +Zn+7 +2Zn+6 +Zn+4 +2Zn+2 +2Zn+1 +Zn =0

The sequence is periodic and has the complexity 9 and is;
000100000011100020000002220001000000111......
Thus as showing the sequence {z,} is periodic with the period 26 which is equal to same of the period of sequence {a,} and

the length of the linear equivalent is the complexity 9 which larger than the expected maximum length ;N3 =7 (which is

mentioned in [2]).

Figure 4, illustrated the linear feedback shift register of the sequence {z,};

&

B—

&

4

2 2 1

—,»—|0|0‘0|n|0|1|0‘n‘ﬂ|ﬁz,

Figure 4. Linear Equivalent of the sequence {z,} with the complexity 9.
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In other side for one period of the sequence;
we-(00010000001110002000000222)
and the all its permutations are;
wi-(20001000000111000200000022)
wy-(22000100000011100020000002)
w;-(22200010000001110002000000)
we(02220001000000111000200000)

From equations (4) and (5);
w; () =0and R, (1) =10;i =0,1,...,12
And; woi=wo+tw=(2001100000122100220000021 1) thus;

wo 0, Y =0,and R, , =10

Wo+i

And; wip-wtw,=(1200110000012210022000002 1) thus;

Wy 08, ) =0,and R, =10

Wi+2

Thus; the set S is not an orthogonal set.

For studying the decreasing in the length of the linear equivalent needed return to the theoretical study of the properties from
1 to 7 of the comfortable values of i, j, k, namely;

1) i=1, j=2, k=3; 3) i=2, j=1, k=3; 5) i=3, j=1, k=2

2) i=1, j=3, k=2; 4) i=2, j=3, k=1; 6) i=3, j=2, k=1

Remembering the that the general term of the sequence is;

a, =B +B (B +H L)

Here;

{Al PR s y=2

_ P
a=pa=p.0,=0

And {z,} of the form;

r r
— — 3,.,0+y 3n 2 o o o 2n n
2y =050, = ) Aa)Va + 474, (ag. a’ +alal +a, a,.")a,. al+

i=1 i=1
i£j

.
o o o o o ) n N n
Y A4, (aja,ﬁ’+aj’.’ak +alal +alal +ala) +a!af )(a,. ala))
i=Li# j
itk j#k
P1. We can see that no term of the first sum for each i, namely Ai3 af“’ , is equal to zero and studying the properties 2, 3, 4

for each set of 7, j and k.
P2. Is there any term of the third sum is equal to zero?
a) for i=1, j=2, k=3;
1) From the second sum;

ala’ +ata’ +alal =(B) (B +(B(B) +(B)" = B#0
2) From the third sum;

(% Y 0 Oy Y A0 [T Y0 —
a'ja'k +aja'k +0’i aj +0’i aj +0’l- a; +0’l- ap =
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=BV B +BY(B) BB +BB) +(B) (B +(BY (L)
=ﬂ21+ﬂ15+ﬂ7+ﬂ5+ﬂ19+ﬁ“=0

J

. 3.0 2 5 A
3) Sum one term of the first sum with one term of the second sum, 4 a;"” + 4; 4; (a’i 0’}/ + O’iya’_/ +a; a’iy) =

BV B +(BV B (B) (B +(BBY +(B) = B + B = B %0

b) for i=1, j=3, k=2,

syatal +alal +alal = (B (L) +(B (B +(B)** =B %0,

Sy Y0 d. ¥y Y0 Sy Y0 _
S5 ayaf rajay tayay raja; rayal +aiap =

=)V B) +(B)(B) +(B) (B +(B () +(B (B +(B(B)

:ﬁ15+ 21+ 19+ﬁ11+ﬁ7+ﬁ5:0
for i=2, j=1, k=3;

6) ala¥ +alal +alal =(B) (B’ +(B) (B +(B)*? = f+220,

OV +Va® + %Y +a¥® + PV +aVa? —
7) ajal +alap +a’al +alai +afal +afa) =

=(B)' (B +(B () +(B) (B +(BY(B) +(B) (B +(B) ()

— l9+ 11+ﬁ5+ﬂ7+ﬂ21+ 15:0
for i=2, j=3, k=1,

8) ala +alal +alal =(B) (B +(BY (B) +(B)*? =B %0,

.y Y0 ps Y A0 P YO _
9) a;ai +tajay raya; taja; ta;al rajap =

=) B +(BV B +(B) B +(BY (B +(B) (B +(B)(B)

S A L, Iy Sy )
e) for i=3, j=1, k=2;

10) a’a’ +ala? +alal =(B°) (B +(B°Y (B +(B)"? = %0,

SV +Va® + %Y +a¥a® +alaV +aVaf —
1) ajaf +a’al +afal +ala +a’al +ala} =

=(B) (B +(BY (B +(B) (B +(BY(B) +(B) (B +(B) ()

:ﬁ7+/85+/811+ 19+ 15+/821:O
f) for i=3, j=2, k=1,

12) ala’ +alal +alal = () (B +(B) (B +(B)? =p 20,

OV +Va® + %Y +a¥a® +la¥ +aVo? —
13) ajal +a¥a; +aial +alaf +aial +ala; =

=) B +B)V B +(B) B +(BY (B +B) B +(B) (B

:ﬁ5+/87+ﬂ15+ﬁ21+ 11+ 19:0

There are no other different 7, j, and k as; sum one term
from the first sum with one term from the second sum or sum
one term from the first sum with one term from the third sum
or sum one term from the first sum with one term from the
second sum with one term from the third sum satisfies the
first condition for P4 to P7.

P3. Is there any term of the third sum is equal to zero?

Or;

o,V Y 0 o,V Y 0 o,V VA0 —
ayaip rajap taya; raja; +a;ap tajag =0

We can check that only for case from a), to f) there is only
one case and the sum of them is 6 cases and the other
properties P4,..., P7 are not satisfied.

Thus, in result the length of linear equivalent in our case is
9 only (and this length is larger than the mentioned maximum

length 3 N3 =7 as in [2]) also, the expected maximum length
in this case is 9 + 6=15 and it is greater than the mentioned
maximum length ;N5 =7 as in [2].

3.1.3. The Sequence {z,} Is a Multiplication on Four
Degrees of the Sequence {a,}
Suppose the sequence {z,}is a result of product four terms
from the sequence {a,} as the following; First term from
{a,} a, (in other case we can shift the term to the first),

second term is b, = a,, 5 (as a result of shift the first term by

B), third term is ¢, = a,., (as a result of shift the first term
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by M), forth term is d, (as a result of shift the first term by /') r
and the all g, ¥, and # are less than or equal to r and c, =Aafal + a¥al +...+ Aakal = ZAia'i”W
B<i<y, thatis; i=l

r r
— n n n _ n — VY V A1 VAn — nty
a, = AG] + 40+ + A0l =) Ad] d, = Aalal + 4ala) +..+ Aafal = Aa]
i=1

bc d

Zn:annnn

r r
— 4 _ Bruty n 3 Bru 1 By U u+y o8 Bru+y~ 30 . r
_ZAI af a + +ZAl A;(a7 "a; ral Tay tap v aj ta; )a; " a;

i=1 i=1
i£j

BlataY +a’at ) +a* (aPa’ +a’a®
al (ajak +ajak)+ag. (ajak +ajak)+

.
+ Z AL 4,4, a}’(afa,f‘ +af‘a,f’)+a,ﬁ+”(aj‘f+a{)+ a"a’a;
i=Li#

i#k& 7K +aPr (aj’ + a,ﬁ’) +atty (af + af)
Z (aﬁa"ay)+aﬁ(a"ayaya”)+
, jaya; i\ajapa;a;
i n
+ Z A A; A4 4| URD s , , (a,a;a,a)
i.j =l 1 ¥ BBk 4 oy ol
i.j Kl aredifferent a; (a_/a, ajpa;)rai\ay tap raa;

Where no two indexes of i, j, k, and / are equals and (j, £, /) is the set of permutations of {j, &, /}.
Thus;

P1. Each term of the first sum is not equal zero.

P2. For one term of the second term is equal to zero to necessary and sufficient;

BHU ¥ By o1 HrY o B Bruty —
ai "ai tarvay taf T ay +aj =0

Or (by division on @”*#*/ and arranging the order of the terms);

a;
Suppose 4 = 7‘ then;

1
AP+ AH + 4 +1=0 (30)
P3. For one term of the third sum is equal to zero is necessary and sufficient;
af (a;’a{ +aj‘fa,ﬁ’) +at (afa,{ +aj‘fa,f) +aiy(afa,f’ +aj‘a,f) +aft (a]‘f +a,§’) +af+y(a§’ +a,ﬁ’) +ai“+y(af +a,f) =0 (31)

B KV Y H H By Y B VBt U B Bru( Y LoV Bty M 4 oM Hry [ A8 B\ =
a; (ajak+ajak)+ai (ajak+ajak)+ai(ajak+ajak)+ai (aj+a'k)+a'i (a'j+a'k)+a'i (a'j +a'k)—0

Or; (by division on a'lﬁ THYY and arrange the terms as need);
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GGl ET G G e

i a
Suppose; 4 = _d] , B= _a'k then for one term from the third sum is equal to zero is necessary and sufficient;
1 i

APBH + AFBP + APBY + AYBP + 4" BY + AYB* + (4P + 4" + 4")+(BP +B* +BY) =0

P4. One term of the forth sum is equal to zero is necessary and sufficient;

Byl Y Bl Al oV M U Y BBk H Bl HAB) =
Z (ajaka]) +a! (ajakajak)+ai (aja] asa )+ai (akal +a;a )—0
(J.k.0)

(a;g +a;8)(aj‘a{+qua,ﬁ‘)+(aﬁ +a,ﬁ‘)(a}’a;8 +afaly)+(aiy+a{)(afa/‘ +a,ﬁ‘a'lﬁ) =0

by division on aP*#*/ the latest equation can be written as;
B u ¥ V% U
L+ ﬂ} ["_J ﬁj .|a [ﬂj .
a; a; a; a; a;
U ¥ B B 1%
. &J [“_J ﬂ} NEA [zj .
a; a; a; a; a;
a VY 4 H B H
1+ 27 ﬂ ﬂ + & + ﬁ =0
; a; a; a; a;

a; ol a; . .
Suppose; A4 = o B= o C= o then the latest equation can be written as
i i '

1

(1+CP) (4B + 4By +(1+ BH)(AYCP + APCY) +(1+ 4" Y(BPCH ++BHCP) =0

59

(32)

(33)

(34

(35)

P5. Sum one term of the first sum with one term of the second sum is equal to zero necessary and sufficient the two

conditions;
An — ~3n 0 .. .
1) a,” =a; a; where i, j, k are different

4 B+u+ 3 + + + YN
2) Aal + A4 @fFal +af Vot +af al +af ) =0

i a,
By division on a’l-'g THYY and suppose, A = —aj , B= —ak then the latest equation can be written as;
i i

ALBPHY + £ 4,(AP + 4F + A7) =0

(36)

P6. For the sum of one term from the first sum with one term from the third sum is equal to zero is necessary and sufficient

the two conditions;
D a" =a"ajay

Where i, j, k, and [ are different.

(37
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Bl MY Y H By Y B
al (aja'k +aja'k)+a[ (aja'k +ajak)+

2) AlaftH + 47 4,4, a}’(afa,ﬁ’ +aj’a,f)+af+“(a{+a{)+ =0 (38)
+ +
+af V(a_f‘+a,§’)+af V(afz +a,f”)
o L+ u+ ai ay a; . .
By division on a H*Y and suppose A =a—‘, = P C= o then the latest equation can be written as;
Bty o 2 A"BY + AYB* + AP BY + 4 BP + APB* + 4*BP +
ATCPHY 4+ 4 A; A4y =0 39

Thus, as the same, we have the corresponding relations for
the following cases;

P7. Sum one term of the second sum with one term of the
third sum is equal to zero.

P8. Sum one term of the second sum with one term of the
forth sum is equal to zero.

P9. Sum one term of the third sum with one term of the
forth sum is equal to zero.

P10. Sum three terms of the different for sums is equal to
Zero.

P11. Sum four terms of the different for sums is equal to
Zero.

Example 3.  Suppose the
a4 *ta,, +2a, =0or a,,, =2a,,, +a, as showing in the

recurrent sequence

following figure 5 where the sequence is a multiplication on
four degrees of the sequence {a,};

2
—tofoefo1

Figure 5. The sequence {z,} is multiplication on four degrees of the
sequence {a,)}.

The characteristic polynomial of this sequence is;

n+l 3n+3

a ="+ +07 +a

27n+27

+(AP + 4" + 4¥)+(BP + B* + BY)

f (x)=x4+x+2 and it is a prime polynomial on F; of
degree 4, generates F34 , and its characteristic equation is

x*+x+2=0, if @ is a root of the characteristic equation

then the general solution of the characteristic equation or the
general term of the sequence is {a,} of the form;

a, = 4(a)" + 4 (@) + 4,@°) + 4,(@*")" or
a, = 40" + 4" + 407" + 4,077
Solving the following system for consecutively values of
n=0,1, 2, 3;
A+4,+A4,+4,=1
3 9 27 _

Aa+4,a +4a +4,a7 =0
Aa* + 4,0 + 4,0 + 4,07 =0

A+ 4,0° + 4,077 + 4,0 =0
We have 4 = A, = A4; = A, =1 and the general solution is;
a, = a" +a,3n +a,9n +a,27n

The sequence {a,} is periodic and its period is 3*-1=80,
and is.

1000100210 11120 02201 0221101012
2000200120 2221001102 011220202021

2112102111, 1000100210 1112002201 0221101012...

1221201222

- a,a,n +a3a3n +a,9a,9n +a27a27n

bn :an.a,ﬁ_] :a(az)}'l +a25(a4)7‘l +a3(a6)}'l +a55(a10)7‘l +a54(a12)}'l +a9(a18)7‘l+

+a,46 (azg)n +a5 (a30)n +a,65 (a36)n + a27 (0,54)1’!

an+2 =a,2(a,)n +a6(a3)n +a18(a9)n +a54(0,

27 )i’l

bn-an+2 :a(a,)n +a3(a,3)n +a,37(a,5)n +a,39(a,7)n +a9(a,9)n +a,34(a,11)n ++a68(a,13)n+
+a,64(a,15)n +a,49(a,19)n+a,79(a,21)n+a,27(a,27)n+a,73(a,29)n +a,44(a,31)n+

+a,22(a,33)n +a74(a,37)n +a,25(a,39)n +a,13(a,45)n +a17(a,55)n +a,67(a,57)n +a,31(a,63)n
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s =a,3(a,)n +a,9(a,3)n +a,27(a,9)n +a,(a,27)n
Suppose;
Zy = Oy Oy Gy O3
Thus;
z, =t (@) +a® (@) +a® (@) +a* (@) +aP(@'*) +a" (@) ++a* (@) +a* (@) +a¥ (@) +a® @®)"
+a®B @2y +a’ (@Y +a* (@) +a (@) +aB (@) +a® (@) + @ (@) +at (@) +a (@) +a'S (@Y

+a10(a46)l‘l +a72(a48)l‘l +a40(a54)n +a20(as6)l‘l +a27 (a,SS)n +a76(af)0)n +a24(af)4)l‘l +a48(a66)n +a58(a72)n

The sequence {z,} has the complexity 29 and;

The sequence is periodic with the period 40;

0000000000 2000000000 0100000012 1200002100, 0000000000 2000000000 0100000012 1200002100, ...
In other side for one period of the sequence;

we=(0000000000 2000000000 0100000012 1200002100)

and the all its permutations are;

w1=(0000000000 0200000000 0010000001 2120000210)

w,=(0000000000 0020000000 0001000000 1212000021)

w3=(1000000000 0002000000 0000100000 0121200002)

wg=(2100000000 0000200000 0000010000 0012120000)

ws=(0210000000 0000020000 0000001000 0001212000)

From equations (4) and (5);

w; (1) =0and R, (1) =19;i =0,1,...,12

And;
Wwo1=(0000000000 2200000000 0110000010 0020002010)
thus;
wo 08, =0,and R, , =19
Wo+2
And;
w115=(0000000000 0220000000 0011000001 0002000201)
Thus;

Wy 08, ) =0,and R, . =19

Wi+2

Thus; the set S is not an orthogonal set.
We have;

A=Ay =4 =4,=1
3 0 o pand B=Lu=2,y=3
a=aa=a.a0=a,0,=a

P1. First property, no term in the first sum is equal to zero.
P2. Second property, one term in the second sum is equal to zero necessary and sufficient the following corresponding
condition (30);

a,
AP + 4F + 4 +1=0, where A=?"
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9%}

aFori=l,j=2 = 4=2 =g?and 4+ 2+ £ +1=0" 20
a
0’9
b.Fori=l,j=3 => 4=—=qg%nd A'+ L2+ AL +1=a" 20
a
a,27
c.Fori=l,j=4 > 4==——=qg%and A'+ A2+ AL +1=a"® 20
a
0,9
d.Fori=2,j=3 = 4==_=qg%and A4+ 4+ £ +1=0% £0
a
0'27
e.Fori=2,j=4 = A=——=a"and 4'+ £+ £ +1=0a" 20
a
a
f.Fori=2,j=1 = A=—==a"and '+ £+ £ +1=a £0
a
a,27
g Fori=3,j=4 = A=—=a"and £ + 47+ £ +1=0a" 20
a
a
h.Fori=3,j=1 = A=—=a"and 4'+ £+ 4 +1=a" 20
a
0’3
i.Fori=3,j=2 = A=—5=aand '+ £+ £ +1=a" £0
a
a
j-Fori=4,j=1 = A=——=0a"and 4'+ 4> + £ +1=0°° #0
a
0,3
k.Fori=4,j=2 = A=——-=0"and ' + 4> + £ +1=0a" 20
a

9
LFori=d,j=3 = A=_=a%and 4'+ £2+ £ +1=0 20
a

Thus, no term of the second sum is equal to zero.

P3. Third property, one term in the third sum is equal to zero necessary and sufficient the following corresponding condition
(32);

APB" + A4#BP + APB" + AV BP + 4*B" + AYB¥ + (AP + 4* + 4¥) +(BP + B* + BV) =0

a,

a; k
Where, 4 =—= and B =——; Suppose;
a. a;

1
S=APB" + A¥BP + 4PB" + ABP + 4*B" + AYB¥ + (AP + 4" + 4) +(BF + B* + BY)

We can see that S is symmetric for 4 and B then;
a.Fori=1,j=2,k=3 = 4=a?,B=a%and §=a0™ 20
b. Fori=1,j=2,k=4 = 4=qg* B=a°and S=a #0
c.Fori=1,j=3,k=4 = A=a® B=q0and S=g” 20
d.Fori=2,j=3,k=4 = A=a’,B=a”and §=0*" 20
e.Fori=2,j=3,k=1 = 4=a% B=qa"and §=0% 20
f. Fori=2, =4, k=1 = 4=a® B=a"%and §=a"' 20
g Fori=3,j=4,k=1 => 4=a"® B=agand S=a® 20
h. For i=3, j=4,k=2 = A=a"®,B=a"and S=a” 20
i. Fori=3,j=1,k=2 = 4=a”*,B=a"and §=0” 20
j.Fori=4,j=1,k=2 = A=g** B=gand =g £0
k. Fori=4,j=1,k=3 = A=a>*,B=a%and =g 20
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1. Fori=4,j=2,k=3 = A=a°°,B=qa"*and §=qg% #0
Thus, no term of the third sum is equal to zero.

P4. Forth property, one term in the forth sum is equal to zero necessary and sufficient the following corresponding condition
(35);

(1+CPYA*B" + A7 BH)+(1+ BH)(A'C” + 4PCYy+(1+ 4V YBPC" + BCP) =0

a; a a
Where, 4=—_, B =—k ,and C =—L Suppose;
a; a. a;

S=(1+CPYA B + 4B+ (1+ BFYA'C” + APCY)+(1+ 4 \(BPC” + BHCP)

a.Fori=1,j=2,k=3,1=4; A=a*,B=a",C=a"® = S=a> 20

b. Fori=1,j=2,k=4,1=3; 4=a*,B=a®*,C=a®= S=a°2 20

c.Fori=1,;=3,k=2,1=4; A=a®,B=a*,C=a* = S=a°° 20

d. Fori=1,j=3,k=4,1=2; A=a®,B=a®,C=a*= S=a'® 20

e. Fori=1,j=4,k=2,1=3; A=a® B=0a?>,C=a®= S=g0 20

f. Fori=1,j=4,k=3,1=2; A=a®,B=a*,C=a” = S=a” £0

g Fori=2,j=3,k=4,I=1; A=a®,B=a®,C=a"®= S=a® 20

h. For i=3, j=4,k=1,1=2; 4=a"®,B=a",C=a"" = S=0" 20

i. Fori=4,j=1,k=2,1=3; A=a™*,B=a°,C=a®* = S=g® 20

And we have the same result for other combination of i, j, k and /, and no term of the forth sum is equal to zero.

P5. Fifths property, sum one term of the first sum with one term of the second sum is equal to zero necessary and sufficient
the two conditions;

(1) al" =a; "a’; Where i, j, k are different.
4 3 _
@) Aal ™M + 4 4@l al +af Val +alVaf +af i) =0

a. a
By division on alrf”ﬂ“y and suppose 4 = 7/ and B = ?k the condition (2) becomes;
i i

ALBPHY 1 L A,(A + 4+ 4P +1)=0
For our paragraph the second condition becomes;
Bb+(AL+ 4>+ 4 +1)=0

Suppose S =B +(4> + 4% + A" +1)

a. Fori=1, =2, k=3; (a°)* =a™ ,(a)’(a®) = a® # ™ and the first condition is not satisfied.

b. For i=1,j=2, k=4; (a*")* =a™,(a)’ (&) = a® # a™® and the first condition is not satisfied.

c. For i=1, j=3, k=4; (a'27 )4 = 0'28,(0')3 (a9) =a" # a*® and the first condition is not satisfied.

d. For i=1, j=3, k=2; (a’3 )4 = crlz,(cr)3 (0'9) =qa'? thus, the first condition is satisfied and for the second condition we have;
A=a®, B=a?.S=a> +2a* +2a =a* #0 thus, the sum of these two terms is not equal to zero.

e. Fori=1, /=4, k=2; (a”)* =a",(a)’ (@*") =@’ # a'* and the first condition is not satisfied.

f. For i=1, /=4, k=3; (a’)* =a’,(a)’ (@*") =a™® # a*° and the first condition is not satisfied.

g. For i=2, j=3, k=4; (a27 )4 =a®, (a'3 )3 (a'g) =a"® # g*® and the first condition is not satisfied.

h. For i=2, =3, k=1; (a)* =a*,(a’’ (@°) = a'"® # a* and the first condition is not satisfied.

i. For i=2, j=4, k=3; (0'9)4 =a'3’6,(a'3 )3 (a27) =@ thus, the first condition is satisfied and for the second condition we
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have; 4=g*, B=a®.S=a” +a =a?® #0 thus, the sum of these two terms is not equal to zero.
j. For i=2, j=4, k=1; (a)* =a* (&’ (@*")=a’® # a* and the first condition is not satisfied
k. For i=2, j=1, k=4; (a*")* =a** ,(a*)*(a) =a"® # a*® and the first condition is not satisfied.
1. For i=2, =1, k=3; (@°)’ =a”,(a’* (@) = @"° # a*" and the first condition is not satisfied.
m. For =3, j=1, k=4; (a’27 )4 = 0'28,(0'9)3 (o) =a?® thus, the first condition is satisfied and for the second condition we

have; 4=ag™, B=a'®,S=2a* +a+1=a’ # 0 thus, the sum of these two terms is not equal to zero. By the same way, the
combinations for ;=3 and other values of j and k are not satisfy the first condition.
n. For i=4, j=2, k=1; (a)* =a*,(@”")’ (@) = a* thus, the first condition is satisfied and for the second condition we have;

A=a°, B=a>*.,S =2a =a* #0 thus, the sum of these two terms is not equal to zero.

By the same way, the combinations for i=4 and other values of j and k are not satisfy the first condition.
P6. Sixth property, sum one term of the first sum with one term of the third sum is equal to zero necessary and sufficient the
two condition;

(Ha" = 0’,-2"0'70’}; ; Where i, j, k, [, are different.
Q) A'af Y + 47 A, A[A"BY + AVB* + APBY + AVBP + APB* + 4" BF + + (4P + 4" + 4))+

+(BP +B* +B")]=0
Where,A=i, B=%,and C=ﬂ.

f a; a;

For our paragraph the second condition becomes;
CO+[A*B  + AB* + A'B + £°B' + A'B> + A*B' +(A' + 4> + £*)+(B' + B> + B*)] =0
Suppose; S =C° +[A°B* + 2B + A'B* + LB + A'B* + 2B +(A' + A2 + )+ (B' + B> + BY)]
a. Fori=1,j=2, k=3, I=4; (a*")* = a™® ,(a)*(a*)(@’) = a'* # a®® and the first condition is not satisfied.
b. For i=1, j=2, k=4, I=3; (a°)* =a’¢,(a)* (@’ (@*") = @ # @’ and the first condition is not satisfied
c. Fori=1,j=3, k=2, I=4; (a*")* = a™® ,(a)*(a°)(@®) = a'* # a®® and the first condition is not satisfied
d. For i=1, =3, k=4, I=2; (a’)* =" (a)* (&’ \@*") = a™® # @' and the first condition is not satisfied.
e. For i=1,j=4, k=2, 1=3; (a°)* =a’®,(a)*(a” (@) = a** # a*® and the first condition is not satisfied.
f. For i=1, j=4, k=3, 1=2; (a’)* =a"*,(a)*(@” \(@’) = a*® # a'? and the first condition is not satisfied.

By the same way for other values of /=2, 3, 4 and their Example 4. Suppose, the linearly recurring sequence {a,}

corresponding values of j, k, / the first condition is not
satisfied.

3.2. Multiplication Sequence on Two Linear Sequences
Generated by Different LFSR

Suppose AUF & BUF ; and a & B are not in F, then

apisin F » where ¢ is the lowest common multiple (/cn)
of m and n, in special case if 7,5 are relatively prime then
t=rs.

Suppose the recurrent sequence {a,} on F, which has the
complexity » and @ is a primitive root of its characteristic
equation then this sequence is periodic and its period is p" -
1,{b,}is other sequence on F, which has the complexity s and
B is a primitive root of its characteristic equation then this
sequence is periodic and its period is p* -1, and suppose for
easily, 7 and s are relatively prime then the roots of the
characteristic equation of the sequence {z,}={a,.b,} are in

the field Fpr.s and this sequence has the period lem ((p"-
D,(p*-1)).

defining through the recurring formula a,,, + a,.; + 2a,=0 or
a,:5=2a,.1 + a, and the linearly recurring sequence {b,} on F,
defined through the recurring formula 4,5 + 2b,,, + b,=0 or
b,.s=b,,, +2b, and {z,}={a,.b,}, as in the following figure 5,
which shows the feedback shift registers for the sequences
{a,}, {b,}, and the product sequence {z,}.

Shift egister fora,

1 'EJ.II
@72

Shift egister for &,

Figure 6. Feedback shift registers for the sequences {a,} and {b,}.

The characteristic equation of the sequence {a,} is
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X% +x+2=0 and its characteristic polynomial is the prime

polynomial f(x)=x*+x+. If @ is a root of f{x), where

F, ={0,a° =l,a,0" =2a+1,a’ =2a+2,a" =2,0° =2a,0° =a+2,a" =a+1}

The general term of the sequence {a,} is of the form
a, =¢(@)" +c, (a3 )", solving the following system for #=0

and 1 we have;

{cl+cz =0 {c1:20'2:a+2

3 _
qa+c,a’ =1 |¢,=a® =2a+1

And the general term of the sequence is;
a, =20%a" +a*a’" =(a+2)a" +a+1)2a +2)"

And the sequence is periodic with the period: 3*-1=8 and
the sequence is;

012202110122021101220211....

The characteristic equation of the sequence {b,} is

x> +2x+1=0 and its characteristic polynomial is the prime
polynomial f(x) =x>+2x+1. If Bis a root of f{x), where

,83 +2[+1=0 then [ generate the field £y and from

example 1 and equation 9 we have the general term of the
sequence {b,} is of the form

z, =2a'2,82°(a',8)”+2a'2,88(aﬂ3)” +20’2ﬂ24(aﬂ9)n +0’2ﬁ20(a3ﬁ)n +a2ﬁ8(a3ﬁ3)n+0’2ﬂ24(0’3ﬁ9)n

Thus, the complexity of the sequence {z,} is 6 and;
@B ap ) ap N’ By’ Bye’ f)=a’p* =a* =2
And its characteristic equation is of the form;

X +esx” + c4x4 +c3x3 +02x2 +clx1 +2=0

We can find the coefficients ¢;,¢; ...,Cs through solving the

following recurring system for n=0, 1, ...4 and initial value
of z, corresponding to them;

Znwe FCsZpes FCaZyag T 32043 F 022000 12,0 +22, =0
Thus, we have; ¢ =¢;=1,¢,=2;¢4 =¢c; =0 and, in
result, the recurring equation of {z} is;

Zn+6 +2Zn+3 +Zn+2 +Zn+1 +2Zn =0 (42)

Zy46 = Zn+3 + 2Zn+2 +2Zn+1 +Zn
The characteristic polynomial of the sequence {z,} is;
F)=x+20° +x% +x+2

This polynomial is not irreducible polynomial and;

a*+a+2=0 then @ generate the field £} and;

(40)

b, =¢,(B)" +cy(B) +cy(B)' , solving the following
system for n=0, 1, and 2 we have;

o =B =2p+p+1

clﬁ+cz,83 +c3,89 =2 =40 :,88 :2,82 +2
B +e,B+eB%=0  |oy=p =287 +2p+1

qtete;=1

And the general solution of the characteristic equation is;
b= BB + BB + BB
Or;
by = QB+ BDS"+ Q2L +2)(B+2)" +Q2° +2B+D(B+D)

And the sequence is periodic with the period: 3*-1=26 and
the sequence is;

1201110020212210222001012112011
10....

From the relation z, = a,.b, we have;

(41)

F) =20 +22° +x7 +x4+2=(x+2)2 (2 +1)(2 +2x +2)

The characteristic equation of {z,} is;
The linear feedback shift register of the sequence {z,} is
showing in the following figure 7;

L3} 2] .
2(0f2(o2]0 ——

Figure 7. The linear feedback register of the sequence {z,}.

Thus, the sequence {z,}is periodic with the period lem(8,
26))=104 and the sequence is;
02020200001201100210020101
21021100100222001100010112
01010100002102200120010202
12012200200111002200020221,
02020200001201100210020101 .....
Thus for one period we say w, where;
w=(02020200001201100210020101
21021100100222001100010112
01010100002102200120010202
12012200200111002200020221)
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From equations (4) and (5);

w; () =0and R, (1)=16;i=0,1,...,104

Al’ld,’ Wos1=Wo + W=
(12222220001021210201022111
00120210110211201210011120
21111110002012120102011222
00210120220122102120022210)
Thus;

wo 08, Y =0,and R, , =2

Wo+i

Thus; S is not an orthogonal set
In other hand the polynomial A(x) = x®+x+2 is a prime

polynomial in F,® and if Vis a root of A(x) in F,° then V¥
generates F, and,;

For written z, through elements in F,° we need search in
F,° about first element e, which satisfies the characteristic
equation x2 + x +2 = (and will be equal to @ , and we search
about second element e, which satisfies the characteristic
equation x> +2x+1=0and will be equal to 5 then after w
replacing in formula of z, each @ by first element e, and each
B by the second element e, we have z, written through
elements from the field F°, and this step is not very need in
our current study.

Thus the nonlinearly Property allows us construct new
sequences with largest periods.

3.3. Using Shift Feedback Register LFSR as Monitor
Register

Suppose there is a set S of p linear feedback shift registers
that is; S={LFSR(0), LFSR(1), ....., LFSR(p-1)} and the shift
feedback shift register LFSR and we will use it as an monitor
register as following:

a) If the output of the register LFSR is 0 then the output of
the system S is the output of LFSR(0).

b) If the output of the register LFSR is 1 then the output of
the system S is the output of LFSR(1).

c) If the output of the register LFSR is p-1 then the output
of the system S is the output of LFSR(p-1).

Suppose, output of LFSR(0) is 7y, output of LFSR(1) is
I, ..., output of LFSR(p-1) is Ip-1, and through

Solving the system of equations for0 < x < p—1;

s=a, x"" ta,_

p-2
, XP 4 tax+a,

43)

We can find the coefficients ay, ay, ..., a,,, where "x" is
the output of the monitor register LFSR and "s" is the output
of the system S which is equal to the output of the register
LFSR(x) for 0<x< p—1land x* computed by mod p, thus
we get the solution of our problem.

Exampe 5.

1) For p=2 that is the all registers are binary registers and

the all arithmetic operations are the operation on F,, we can
find the coefficients ao, a; in the equation (49) as following;

The formula (49) will be; s =a;x+a,

a) For x=0, then; [, =a, and s=ax+1,

b) For x=1, then; 1} =a; +1

¢) From b) and ¢) we have; a; =1, +1,, and;

s=( +1p)x+1,

2) For p=3, the all arithmetic operations are the operations

on F;, we can find the coefficients a,, a;, a, in the equation
(43) as following;

The formula (43) will be; s = a,x” +a,x+a,

d) For x=0, then; 1y =aq and s =a,x* +ax+1,

e) For x=1, then; [, =a, +a, +1,

) For x=2, then; I, =a, +2a, +1,

g) From b) and ¢) we
a, =21, +21, +21, and,

have; @ =2I,+1,

§ = (21, +21, +20L) x> + (2L + 1) x +1,

is
i)

&
&5

lo X

s

l4

LFSR(!)
LFSR(0)
LFSR

Figure 8. System of three registers where LFSR is a monitor register to the
other two registers.

| - b lp P X
o B = o
o oe F 73]
o o %] [T
L I i pild |
i — i

Figure 9. System of four registers where LFSR is monitor register of the
other three registers.

4. Conclusion
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1) If the sequence {z,} is multiplication on only two
degrees of the recurring sequence {a,}over Fp and the
characteristic polynomial of the sequence {a,}is prime of
degree r then the length of the equivalent LFSR of {z,} is;

N, =[r}{r} . r(r—1)
1) \2 2

For example, for /=3 and A=2 the length of the linear
equivalent of {z,} is 6.

2) If the sequence {z,} is multiplication on only two
degrees of the recurring sequence {a,} over Fp and the
characteristic polynomial of the sequence {a,} is prime of
degree r then the sequence {z,} is also periodic and its period

is equal to %that is the half period of {a,} but the set of

(44)

the cyclic permutations of one period of {z,}is don’t form an
orthogonal set as the sequence {a,}.

3) If the sequence {z,} is multiplication on 4 degrees of
the recurring sequence {a,}over Fp and the characteristic
polynomial of the sequence {a,}is prime of degree » and h >2
then the length of equivalent LFSR of {z,} is larger than of

the maximum length in the binary sequences , N}, , where;

5 R S (g R Gk S
1 h 2 h\(r —h)!

For example, for =3 and A=3 the length of the linear
equivalent is 9 and larger than ;N3 =7 and for /=4, h=4 the

(45)

length of the linear equivalent of {z,} is 29

4) Length of the linear equivalent of a multiplication
sequence {z,} on & degrees of the linear recurring sequence
{a,} over Fp is pending not only with the roots of the
characteristic equation of the sequence {a,}but also pending
with the coefficients of the terms in the general solution of
the sequence{a,} and with the shifts of the terms of the
sequence {a,} which on them occur the multiplication and
any where is larger than (or equal for A=2) the maximum

length N}, in the binary sequences.

5) we suggestion that the maximum length of the linearly
shift register equivalent of multiplication sequence {z,} on &

degrees of a linear sequence {a,}over Fp which has the

r r r
complexity r is .M, =(lj+p[2j+...+p[hj for h >2 and

thus for p=3; if /=3 and h=3 then ;M5 =3=9+3=15and if
r=4 and h=4 then 4M, =4+18+12+3 =37

6) If the sequence {z,} is a multiplication on two different
recurring sequences; {a,}which its characteristic polynomial
is prime of degree r and {b,} which its characteristic

polynomial is prime of degree s and if r and s are relatively
prime then the sequence {z,} is periodic with the period lcm

((p" =1,(p° —1)), and has the complexity r.s. If  and s are

not relatively prime then the period of the sequence {z,}is
(p")-1) and its complexity is Icm(r,s).

7) Using multiplication operation on different sequences
operation leads to getting sequences with high complexity
and with a high period but not orthogonal.

8) We can use one shift feedback register LFSR over Fp as
monitor register for other p registers over Fp.

Columnl Column 2

—_—

=

Block

/.

Figure 10. Method reading page with block.

Limitation: The method for reading a page which has a block
will be according to the following direction as in figure 10.

Appendix
Table 1. Elements Fy4 .

F34
0 a®0 =g? +2g +1 =g+l
a%0 =1 a¥ =g +2a% +a at=a%+a
a a®® =203 +a? +20 +1 >’ =a’ +a?
a’ a® =3 +202 +20+2 a0 =a3 +20+1
a a0 =203 +20% +a +1 a7 =20% +1
a*=2a+1 Al =2’ +a? +20+2 ¥ =207 +a
@ =20 +a ar=ad+20% +2 a®=a+a+2
a®=2a% +a? aP =203 +a+1 a®=a+a® +20
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a =ad+a+2 a*=a’+20+2 a®' =0’ +20” +20 +1
ad=a’+a+1 a¥ =a’+20” +2a a®? =20° +20% +1

a =a +ta”+ta

3 2

a0 =203 +20% +2a +1

a® =2a% +20+2

a'%=0’+a* +2a +1 a¥ =2a° +20% +2a +2 a% =2a%+2
al'=a® +2a% +1 a¥ =20 +20° +2 a® =207 +2a
a'? =20° +1 a*® =2a%+2 a%® =20 +a+2
a®=2a+2 a*'=2 a’ =20° +a* +2a
a'% =2a%+2a a*l =2a a® =} +20% +a+2
a® =20 + 247 a* =247 a® =2a° +a? +a+1
a'® =203 +a+2 a® =243 a?=a3+a? +2a+2
a’=a%+2 a*=a+2 a'=a® +20 +a+1
a'®=a® +2a a®=a’+2a a”? =20 +a® +1
a'? =207 +2a +1 a*® =a’ +20? a®=a’+20° +2
a® =203 +2a% +a a* =2a% +20 +1 a®=2a” +a+1
a?' =203 +a? +20+2 a® =20 +20 +2 a =20 +a’ +a
a?=a?+a’+2 a® =20° +20% +2a =P +a*+a+2
a®=a’ra+1 ¥ =2a% +20% +a+2 d’ = +a’ +a+1
a* =a® +1 =20 +a? +2 a®=a+a%+1
a¥=a*+a ar=a’+2 a’=a? +1
[8] Sloane, N. J. A., (1976), “An Analysis Of The Stricture And
Complexity of Nonlinear Binary Sequence Generators,” /EEE
Trans. Information Theory Vol. It 22 No 6, PP 732-736.
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